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X € R", lTr (EXX']) <1,

Y., = vsar X + 7,

1
In (X7 SIll“) — _I(X; str);
n

1
mmse(X|Ygy,) = mmse(X, snr) := —Tr (E [cov(X|Ygenr)])
n

The -MMSE relationship

1
d I,(X,snr) = —mmse(X snr)

dsnr

I,(X, snr) / mmse(X, t)dt

D. Guo, S. Shamai, and S. Verdu’, “Mutual information and minimum mean-square error

IS IT 201 6 in Gaussian channels,” IEEE Trans. Inf. Theory, vol. 51, no. 4, pp. 1261-1282, April 2005.
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(SCPP.) For any fixed X, suppose that mmse(X,snry) = L, for some

1+ Bsnrg
fixed 5 > 0. Then

mmse(X, snr) < R snr € [snrg, 00)

&
1 4 Bsnr

SCPP+I-MMSE important tool for derive converses:

mmse(X, snr) > , snr € [0, snry).

[ ]
o Ve rSI 0 n of E PI D. Guo, Y. Wu, S. Shamai, and S. Verdu, “Estimation in Gaussian noise: Properties of the

minimum mean-square error,” IEEE Trans. Inf. Theory, vol. 57, no. 4, pp. 2371-2385, April 2011.
*BC

R. Bustin, R. Schaefer, H. Poor, and S. Shamai, “On MMSE properties of optimal codes for the
Gaussian wiretap channel,” in Proc. IEEE Inf. Theory Workshop, April 2015, pp. 1-5.

[ J
* Wiretap
R. Bustin, M. Payaro, D. Palomar, and S. Shamai, “On MMSE crossing properties and

® M I M O C h a n n e I s implications in parallel vector Gaussian channels,” IEEE Trans. Inf. Theory, vol. 59, no. 2, pp.

818—-844, Feb 2013.
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Motivated by the need of a complementary

(to the SCPP) upper bound for MMSE

max-MMSE problem From SCPP
M., (snr, snrg, 3) := sg{p mmse(X, snr), mmse(X, snr) < . —I—Bﬁsnr
s.t. %Tr (EXX"]) <1, for sur > snro
and mmse(X, surg) < D solution for snr>snro:
1 + Bsnrg . . .
Gaussian input with
In the rest focus on snr<snro reduced power
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1

snr < snro,

Mo (snr, snrg, 5) = { Tignr

[T Bsnr>  SOT > snryo,

e Converse: LMMSE+SCPP.
* Achievability: superposition coding
with Gaussian codebooks.

Discontinuity, or phase transition, at snr=snro

N. Merhav, D. Guo, and S. Shamai, “Statistical physics of signal estimation in Gaussian noise:

I'F 201 6 Theory and examples of phase transitions,” IEEE Trans. Inf. Theory, vol. 56, no. 3, pp. 1400—
il 1416, March 2010.
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1
Mo (snr, snrg, ) = { 1+§m’

1+3snr’

snr < snro,

snr > snry,

Discontinuity, or phase transition, at snr=snro

For Finite n

M., (snr, snrg, 8) = <

/ 1
1+4snr?

T, (snr, snrg, 8),

B

for some snry,.
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For Finite n

1
snr < snr h L
[+en R phase transition
M, (snr, snrg, 8) = { Ty (snr,snrg, 3), snry <snr < snrg, < .
B
1+3snr’ SIII'Q S SIIr, reg |0n
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A. Dytso, R. Bustin, D. Tuninetti, N. Devroye, S. Shamai, and H. V. Poor, “New bounds on
MMSE and applications to communication with the disturbance constraint,” Submitted to /EEE

Trans. Inf. Theory, https://arxiv.org/pdf/1603.07628, 2016.
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The p-norm of a random vector U € R" is give by

1
UP:-E[T? UUT}.
Ul = & [nf (UU7)
For n = 1, |[U], = B[U]?]
Example: U ~ N(0,1I)
» T n+p
ulp - 2622
(5)

F(x):/ t* e tdt.
0
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We define the minimum mean p-th error (MMPE) of estimating X from Y as

mmpe(X|Y;p) := i{flf X — f(Y)],

We donate the optimal estimator by|f,(X]Y).
Example: for p = 2

mmpe(X, snr, p = 2) = mmse(X, snr),
fr=2(X]Y) = E[X|Y].

Study Properties
My |SIT 2918



Optimal Estimator

Orthogonality " Like’ Property
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o if X ~ N(0,I) then for p > 1 f,(X|]Y =y) = vsnr y |(i.e., linear );

14snr

p

o if X = {1} equally likely (BPSK) then for p > 1 f,(X|Y) = tanh (pif;ry).

1 — —

0.8 -

0.6 |-

04

f (XIY=y)

| 1 1
2 -1 0 1 2 3

-1
-3 -
. y
‘ff’ﬁ“‘ I S I I 2 O] 6 S. Sherman, “Non-mean-square error criteria,” IRE Transactions on Information Theory, vol.
ISIT2218
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E[X]Y] f_p(X]Y)

1. if 0 < X € R! then 0 < E[X|Y], 1. if 0 < X € R then 0 < f,,(X[Y),
Linearity) f,(aX +0|Y) = af,(X|Y) + b,

(Linearity) E[aX + b|Y] = aE[X|Y] + b, 2.
(Stability) E[g(Y)|Y] = g(Y) for any function g(-), Stability) f,(g(Y)|Y) = g(Y) for any function ¢(-),
(
(

Degradedness)0 E [ X|Ysur, Ysurg] = E [X|Ysnre |, 5.
for X = Ysnr, = Ysnr,

Degradedness) f, (X|Ysnro, Ysor) = fp (X|Yanre )

(
3. (
Idempotent) E[E[X|Y]]Y] = E[X]|Y], 4. (Idempotent) f,(fp(X|Y)|Y) = f,(X]Y),
(
for X = Yenr, = Ysor,

6. (Shift Invariance) mmse(X + a,snr) = mmse(X,snr), 6. (Shift) mmpe(X + a,snr, p) = mmpe(X, snr, p),

7. (Scaling) mmse(aX, snr) = a*mmse(X, a’snr). 7. (Scaling) mmpe(aX,snr, p) = a’?mmpe(X, a®snr, p).

E[E[X]Y]) = E[X] B[f, (X[Y)XE[X]

ISIT§.9J£ I S IT gﬁR?EJOFé



1
mmse(X, snr) < min (—, HXH%)
snr
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Interpolation Bounds
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Change of Measure Bound

Fix SNR But Change Order
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Bounds on Conditional Entropy
h(U|V) < glog(Qwe mmse(U|V)),

* Sharper version of Ozarow-Wyner Bound
 Bounds on the Derivative of the MMSE

A. Dytso, R. Bustin, D. Tuninetti, N. Devroye, H. V. Poor, and S. Shamai, “Applications of the

/ f I - 20" 6 Minimum Mean p-th Error (MMPE) to Information Theoretic Quantities,”Accepted to IEEE
é‘,{r 2‘3& IS I BARCELONA Information Theory Workshop, Cambridge, 2016 https://arxiv.org/pdf/1603.07628, 2016.




For any p > 1

[H(Xp) —gap,|" <I(Xp;Y) < H(Xp),
where

gap, = inf gap(U),

B U+ Xp— f,(Xp|Y knp-nv - |U
i 1.gap(U):10g<|| D”Uf( | >||p)+10g< pn - | ||p>.
p

where I = {U : diam(supp(U)) < 2 dnin(Xp)}-

Moreover, - - p2
07} | | | | Nmpa
........ p=6

log (HU + Xp — fp(XDlY)Hp) | | | | | ——Original OW

||U || 06 Shaping Loss|
D
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Thank you
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11%4 X" V/snr N Y .

—»| Encoder

>\T/ » Decoder [—» I/

ST n

Y’n

snro
—| Estimator —»X

'

Y" = vsurX" + 27 Zy mmse(X"|Y,,) <c
Yinr, = Vsnro X" + Zy
where Z" ~ N (0,1), Z} ~ N(0,1)

max-l problem

1
C,(snr,snrg, 8) :==sup —I[(X", Y. ),

P n ) —snr
n

s.t.Tr (IE {X” (X”)TD <n,

and mmse( X", snrg) < b

My |S|T 2016 = T fenrg
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max-MMSE problem

M, (snr, snrg, 8) := sup mmse(X, snr),

X
1
s.t. —Tr (E[XX']) <1,
n
and mmse(X, snrg) < b .
— 14 [Bsnrg

Relationship to max-l problem

ST

TM n(snr, snrg, 8) < Cp(snr, snrg, 5) < / M, (¢, snro, 5)dt
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